Experimental realization of various quantum states of interest has become possible in the recent past due to the rapid developments in the field of quantum state engineering. Nonclassical properties of such states have led to various exciting applications, specifically in the area of quantum information processing. The present article aims to study lower-and higher-order nonclassical features of such an engineered quantum state (a generalized binomial state based on Abel's formula). Present study has revealed that the state studied here is highly nonclassical. Specifically, higher-order nonclassical properties of this state are reported using a set of witnesses, like higher-order antibunching, higher-order sub-Poissonian photon statistics, higher-order squeezing (both Hong Mandel type and Hillery type). A set of other witnesses for lower-and higher-order nonclassicality (e.g., Vogel's criterion and Agarwal's A parameter) have also been explored. Further, an analytic expression for the Wigner function of the generalized binomial state is reported and the same is used to witness nonclassicality and to quantify the amount of nonclassicality present in the system by computing the nonclassical volume (volume of the negative part of the Wigner function). Optical tomogram of the generalized binomial state is also computed for various conditions as Wigner function cannot be measured directly in an experiment in general, but the same can be obtained from the optical tomogram with the help of Radon transform.
Introduction
With the advent of quantum state engineering [1] [2] [3] [4] and quantum computation [5, 6] , much attention has been given to the nonclassical properties of quantum states [7] [8] [9] [10] [11] [12] . The reason behind this intense attention is obvious as the nonclassical states being the states having no classical analogue must be essential for performing tasks that are impossible in the classical world (e.g., teleportation, densecoding, unconditionally secure quantum key distribution). In other words, nonclassical states which are characterized by the negative values of Glauber-Sudarshan P -function, can only establish quantum supremacy [13, 14] .
Well known nonclassical properties are squeezing, antibunching and entanglement. These nonclassical features have been reported in various physical systems including optical couplers [15, 16] , Bose-Einstein condensates [17] , optomechanical systems [18] [19] [20] , and in many families of quantum states [21] [22] [23] [24] . Further, applications of squeezed states are known in the context of LIGO experiment (which has been used successfully to detect gravitational wave) [25, 26] , continuous variable quantum key distribution [27] [28] [29] [30] ; application of entanglement is known in the context of quantum teleportation and quantum cryptography [31] [32] [33] , and antibunching is known to be useful in characterizing single photon sources [10, 34] used in quantum cryptography [35] . In short, nonclassical features of quantum states are very important and the same has been studied for various families of quantum states. One such family of quantum states is called intermediate states [8] [9] [10] . These states are interesting because any state of these family can be reduced to various other quantum states at different limits of the parameters which define an intermediate state.
First intermediate state was formally introduced by Stoler et al., in 1985 [36] . The state is referred to as Binomial state (BS) [36] and can be defined as
where B M n (p) is the probability amplitude of the binomial state which corresponds to the occurrence of n photons with equal probability p obtained in M independent ways [36] . Mathematically, the binomial state is equivalent to a molecular system having same photon emitting probability p from the different energy levels of the excited states of the molecule which undergoes the M level vibrational relaxation [37] . Binomial state being an intermediate state, reduces to various existing states at different limits. For example, it reduces to a (a) vacuum state |0 (if p→0, M → 0), (b) number state |n (if p → 1 and M is finite), (c) coherent state with real amplitude |α (if p → 0, M → ∞ with pM = α 2 (constant)). It is interesting to note that coherent states are closest to classical states and the number states are the most nonclassical states. Thus, fundamentally different states of electromagnetic field can be obtained as limiting cases of BS. Naturally, properties of BS has been studied since long [38] .
The interest on the BS is not restricted to the state of the form Eq. (1), it has been extended to various variants of BS, too. Specifically, in Refs. [39, 40] negative binomial state was proposed, and subsequently its properties were studied in Refs. [10] . Similarly, reciprocal binomial state was introduced in Ref. [12] and studied in [9, 10] . Further, a couple of generalized binomial states (GBS)
1 have been proposed [37] and their nonclassical properties have also been investigated [9, 10] . More interestingly, possible applications of GBS have been explored in the field of quantum computation [41] . In what follows, we aim to study lower-and higher-order nonclassicality of a particular version of GBS which was introduced by Fan and Liu [37] and referred to as a new GBS (NGBS).
In the introductory work of Fan and Liu, a few nonclassical properties of this state (e.g., squeezing, and subPoissonian photon statistics) was investigated. These were lower-order nonclassical features, but no attention was paid to higher-order nonclassical properties of NGBS. It was natural, as at that time, higher-order nonclssicality was not of much interest (of course Lee [42] and Hong and Mandel (HM) [43] , had already introduced the notion of higher-order antibunching and higher-order squeezing [44] ), but in the recent past higher-order nonclassicality has been reported theoretically in [8, 21] and experimentally in [45, 46] . Further, their applications (specially applications of higher-order entanglement) have been reported in establishing quantum supremacy [47] . Motivated by these facts (specially the fact that higher-order nonclassical properties of NGBS has not yet been studied), and the fact that a bunch of interesting lower-order nonclassical properties of NGBS is yet to be investigated, in what follows we study the possibilities of observing various lower-order and higher-order nonclassical features for NGBS. Specifically, we report higher-order antibunching (HOA), higher-order sub-Poissonian photon statistics (HOSPS) and higher-order squeezing (HOS) of NGBS. We also report nonclassical features present in NGBS using Agarwal Tara criterion, Vogel's criterion and Wigner function. These criteria of nonclassicality are essentially witnesses of nonclassicality as they do not provide any quantitative estimation of the amount of nonclassicality present in the system. To address this issue, we have also computed nonclassical volume (volume of the negative part of Wigner function) which is a measure of the amount of nonclassicality.
Here it would be apt to note that to obtain the nonclassical volume, we have first derived an analytic expression for the Wigner function of any finite superposition of Fock states (qudits), and have subsequently used that to quantify the nonclassicaity present in NGBS. Further, NGBS may be prepared by generalizing the exisiting proposals for experimental generation of a family of BS including some GBSs (cf. [12, [48] [49] [50] ) and the schemes used for the experiemntal realization of other intermediate states like photon added coherent state [51] . If NGBS can be prepared, then the prepared state is to be characterized by state tomography. Keeping this possibility in mind, optical tomographs for NGBS are also produced in this work.
The rest of the paper is organized as follows. In the next section, we formally introduce NGBS and describe some identities related to the moments of NGBS. In Section 3, we introduce a set of moment-based criteria of nonclassicality, and establish the existence of nonlcassicality in NGBS by using those criteria. A quantitative measure of nonclassicality is also provided in the form of nonclassical volume of Wigner function. In Section 3.8, we provide optical tomograms for NGBS. Finally, the paper is concluded in Section 4.
Generalized binomial state of our interest and analytic expressions of moments
The NGBS introduced by Fan and Liu [37] is defined as
where
with n = 0, 1, 2, 3, ....M and 0 < p < 1. Mathematical expression of NGBS was given by Fan and Liu by using the Abel's generalization of the binomial formula, i.e., p is replaced by p+nq 1+M q in Eq. (1), where the value of q may be positive, zero or negative but in order to satisfy the condition for the probability amplitude,
. From Eq. (3) it is clear that when q = 0, NGBS (2) reduces to BS (1) . However, it is interesting to investigate the change of nonclassical properties for other values of q. Physically, the objective behind the generalization involved here was that the photon emitting probability p of a molecular system is different for all the energy levels of an excited state during a nonlinear process [37] . This is why the factor q was introduced to model the generalized process. It is also noted that for large values of M , q is small for the fixed values of p. Therefore, from the experimental point of view the NGBS appears to be more general and more realistic state.
There exists a large number of nonclassical criteria. Many of them are based on the moments of creation and annihilation operators (a † and a). This section is focused on getting a general expression of moments of annihilation and creation operators for NGBS. Repeatedly applying the annihilation operator on NGBS we obtain
and
Eq. (6) implies
Therefore,
In what follows, we will see that the above analytic expressions will essentially lead to analytic expressions for various witnesses of nonclassicality. 3 Nonclassical properties of NGBS
Higher-order antibunching
The phenomena of antibunching is closely related to the photon statistics of a state. This phenomenon corresponds to a physical situation involving two photons (or 2 modes), in which the probability of getting two photons simultaneously is less than the probability of getting them separately (one-by-one). Generalization of this idea into multi-photon regime leads to the notion of HOA. In fact, in 1990, Lee [42] introduced the concept of the HOA using the theory of majorization. Lee's criterion for HOA was subsequently modified by Ba An [52] and Pathak and Garcia, [53] . As per the criterion of Pathak and Garcia, a quantum state is considered to be higher-order antibunched if it satisfies the following inequality [53]
where N = a † a is the number operator and N (l+1) = a †l+1 a l+1 is the lth order factorial moment, respectively. Eq. (9) corresponds to the l th order antibunching criterion. For l = 1, it reduces to the lower-order (conventional) antibunching criterion and for l ≥ 2 it corresponds to higher-order antibunching criterion. In this article, we have investigated HOA using the criterion (9) . We have clearly observed the existence of HOA in NGBS (cf. Figs. 1(a) -(c)). The negative part of the curves ensures that NGBS satisfies the inequality (9) and hence NGBS is higher-order antibunched. In Figs. 1(a) and (c), we observe that the depth of the HOA witness increases with the increase of order number l and the dimension M , whereas in Fig. 1(b) , it decreases with q and for the large values of q it becomes positive, i.e., the signature of HOA is found to be lost for large values of q.
Higher-order sub-Poissonian photon statistics
Higher-order nonclassical feature associated with the photon statistics of a quantum state of radiation field is usually studied through the witness of HOSPS. Here it may be noted that HOSPS is the higher-order analogue of the frequently investigated sub-Poissonian photon statistics, and HOSPS is observed for a state if higher-order moment of the photon number for that state is found to be less than the corresponding moment for a Poissonian state, i.e., (∆N ) l < (∆N ) l | P oissonian . The generalized moment-based criterion to observe HOSPS is given as [8] 
where S 2 (r, k) is the Stirling number of the second kind. The inequality in Eq. (10) is the condition for the (l − 1)th order nonclassicality, and for l ≥ 3 it leads to the condition for HOSPS. We computed analytic expression for D h (l − 1) using Eqs. (8) and (9) (10) is not satisfied when the probability remains below a certain value. However, it is observed when the probability is greater than that value.
Higher-order squeezing
The squeezing phenomenon originates from the Heisenberg uncertainty relation. The product of fluctuation of two non-commuting operators in Heisenberg uncertainty relation (uncertainty product) has a minimum value. For a coherent state the quadrature variances are equal, and their product possesses minimum value. If the variance of one of the quadrature goes below this value (in order to respect the Heisenberg uncertainty relation the other quadrature must be greater than this value), the corresponding quadrature is considered to be squeezed. The higherorder counterpart of the squeezing is higher-order squeezing. There are types of higher-order squeezing, which are frequently used-Hong-Mandel squeezing [43] and Hillery type squeezing or amplitude powered squeezing [54] . To begin with, we investigate the possibility of observing Hong-Mandel squeezing which can be described by the following criterion
and the symbol (x) n is the conventional Pochhammer symbol. The inequality in Eq. (11) is investigated analytically using Eqs. (8) and (11) and the corresponding results are depicted in Figs. 3(a) -(c) where it is observed that depth of HOS(HM) increases with M, decreases with q and region of nonclassicality decreases with increasing order number. Hillery treated the HOS in a different way. Instead of higher-order moment, he introduced amplitude powered quadratures. The variance of this quadrature is used to investigate HOS. The criterion to obtain Hillery's amplitude powered squeezing is described as [18] 
are the amplitude powered quadrature. In this article, we have calculated HOS with amplitude squared squeezing i.e., for l = 2, using Hillery's HOS criterion (13) and Eq. (8) . The result is exhibited in Fig. 3(d) 
Agarwal Tara criterion
In 1992, Agarwal and Tara [55] introduced a nice criterion to investigate nonclassical phenomenon based on the appropriate generalization of Mandel's Q parameter. This criterion may reveal nonclassicality even when the criteria for the determination of squeezing and sub-Poissonian photon statistics fail to detect any signature of nonclassicality. Specifically, they introduced a criterion for nonclassicality involving the matrix of normally ordered moments m l = a †l a l and moments of number distribution µ l = (a † a) l as follows
where det m (n) and det µ (n) are the determinant of matrix of normally order moments m n and moments of number distribution µ n , respectively. The matrices m (n) and µ (n) can be written as
The nonclassical phenomenon is observed for −1 ≤ A n ≤ 0. Boundary values A n = 0 and A n = −1 correspond to the closest-to-classical (coherent or its mixture) state and Fock (most nonclassical) state, respectively. In brief, for a nonclassical state, A n is always negative and bounded by the value −1 when the state become maximally nonclassical. We have computed analytical expression of A n for particular values of n using Eq. (8) and have investigated the variation of nonclassical phenomenon witnessed through Agarwal-Tara criterion. The results are shown in Figs. 4(a)-(d) where the negative regions of the curves depict nonclassicality. It is observed that negative values of A n increase with probability p and reaches −1 when p approaches unity, indicating that for p = 1 NGBS is maximally nonclassical. From Figs. 4(a) and (c), we have seen that for both A 2 and A 3 the depth of A n in the negative region decreases with increase of parameter q. Similarly, from Figs. 4(b) and (d), we have also observed that the depth of nonclassicality as witnessed through A n increases with M . This is consistent with the nonclassical features observed through the other criteria.
Vogel's criterion
In Ref. [56] , Vogel et al., derived a criterion for nonclassicality in terms of moments of a † and a operators in the form of N × N matrix. The determinant of the N × N matrix is given by
For a nonclassical state at least one of the determinants d vN of the matrix (15), should be negative i.e.,
For N = 2, d vN is positive because in this case d v2 represents the incoherent part of the photon number. The negativity of any such sub determinant is the sufficient condition for nonlclassicality. It is also reported that all such moments of a † and a can be realized using beam spliters and homodyne correlation measurements. Here we have reported the result for N = 3 and 4 in Figs. 5(a)-(d) . The plots clearly illustrate the fact that NGBS is highly nonclassical. Further, in consistent with other criteria discussed here, it also shows that with the increase of parameter q, the depth and region of nonclassicality witness decrease (cf. Figs. 5(a) and (c) ). But this type of consistency is not observed with the increase of dimension M . In this case the depth of the nonclassicality witness increases with the increase of dimension M only when the probability is high (cf. Figs. 5(b) and (d) ). This is a very general criterion and many of the above mentioned criteria (including Agarwal-Tara criterion and Hillery's criterion of HOS) can be obtained as special cases of this criterion. 
Wigner function
In this section, we shall investigate Wigner qasiprobability distribution function for NGBS. The NGBS can be written as a finite dimensional Fock superposition state (FSS) and can be viewed as a qudit. Any such Fock superposition state has a general form
Such a state has to be nonclassical as we can imagine that this finite dimensional FSS has infinitely many holes in its photon number distribution as for this state P (i : i > N ) = 0, where P (i) = |c i | 2 is the probability of finding ith quantum state i which has i photon 2 state having holes in their PND is nonclassical in nature. For example, consider an arbitrary state ρ =´P (α)|α α|d 2 α having photon number distribution
Since the values n|α | 2 > 0 , therefore, P n = 0 when P (α) is a true probability density. NGBS is just a special form of this state (17) where c n should be replaced by Eq. (3) . In what follows we provide analytic expressions for Wigner function for finite dimensional FSS of the form (17), in general, and subsequently to witness and quantify nonclassicality present in NGBS by plotting the analytic expression.
In fact, Wigner function and other quasi-probability distributions have been studied for a long time. Naturally, efforts had been made to construct analytic expressions of Wigner function of the states of the form (17) . To be precise, in [57] the authors commented, "The Wigner function is usually expressed in an integral form which is not always easy to compute." Keeping that in mind they provided (cf. Eq. (16) of [57] ) the following analytic expression of Wigner function: where ρ is the density matrix of the state and |α, k are the displaced number states. Since |ψ in (17) is a pure state so we have ρ = |ψ ψ| and consequently,
where D(α) is the displacement operator and χ kn (α) = k|D(α)|n which can be expressed in compact form as (cf. Eq. 4.6 of [11] )
Till now, the above mentioned series expansion of Wigner function was used to investigate the quasi-distribution of FSSs. Here, we would like to note that in contrary to the comment of Cessa and Night in [57] , it is often difficult to handle the infinite sum present in the series form of Wigner function. Keeping that in mind, we have derived a compact form of Wigner function of FSS below in integral form and have shown that it is free from the trouble of handling infinity. A detail derivation of the Wigner function is provided in Appendix A. Here we just note the final expression of Wigner function for FSS of above form can be obtained as (A-7)
Here we have used p instead of p because the symbol p is already used for probability. Now we can use the formalism presented here to obtain Wigner function for any FSS. However, this paper is focused on NGBS and we restrict ourselves to the construction of Wigner function of NGBS. Specifically, Wigner function of NGBS are computed for various choices of the state parameters. The obtained Wigner functions for the NGBS are shown in Figs. 6(a)-(d) . Clearly, there exist negative regions of Wigner function in all the figures and that establishes that the NGBS studied here are nonclassical. However, neither negativity of the Wigner function nor the nonclassicality witnesses studied till now provide any quantitative measure of the nonclassicality. The same may be obtained using nonclassical volume which is described in the following subsection.
Nonclassical volume
From the negativity of the Wigner function, we have obtained the signature of nonclassicality in NGBS. However, the amount of nonclassicality is not yet investigated. There exist several quantitative measures of nonclassicality. Here we may use the most convenient quantitative measure of nonclassicality which is known as nonclassical volume. The nonclassical volume as a measure of quantumness was first introduced by Kenfack and Zyczkowski [58] in 2004. In this particular measure, the volume of the negative part of the Wigner function is considered as the measure of nonclassicality. To be precise, the negative volume associated with a quantum state |ψ is
where W ψ (p , q) is the Wigner function of a quantum state |ψ . A non-zero values of δ(ψ) indicates nonclassical state. As we have a compact expression for the Wigner function, we can use the same to obtain δ(ψ) for various choices of parameters and investigate how nonclassical volume (or the amount of quantumness) varies with the change of a particular parameter. For example, in Table 1 , we have shown the variation of δ(ψ) with probability p for the fixed values of M in NGBS and it is found that the amount of nonclassicality increases with p, which was also indicated by the nonclassicality witnesses, studied in this paper. Table 1 : Nonclassical volume for NGBS with q = 0.5 and M = 25.
Optical tomogram
There exist some proposals for the direct measurement of Wigner function [59] [60] [61] . However, in general, due to its probabilistic nature, the direct measurement of Wigner function is not possible, so we may experimentally measure only by processing of data. Interestingly, tomogram gives the probabilistic description of the quantum state which is accessible for direct measurement. Therefore, Wigner function can be measured by using optical homodyne tomomgraphy [62] . For any quantum state |ψ , the optical tomogram w |ψ (X, θ) is the marginal distribution of the field quadrature component X with a rotation by an angle θ in the quadrature phase space [63] . Mathematically, optical tomogram can be obtained from the Radon transform of the Wigner function. Of late, Filippov and Man'ko [9, 63] have reported the following closed form analytic expression for the optical tomogram of finite dimensional FSS (17):
where c j = |c j |e iφj and H j is the Hermite polynomial of degree j. The optical tomogram of NGBS has been calculated by using Eqs. (3) and (20) . The results are depicted in Figs. 7(a)-(d) 
Conclusion
Finite dimensional quantum states or qudits have drawn attention of the scientific community as these states have been found to be useful in performing various tasks related to quantum information processing. Construction of such states have become feasible with the rapid development of quantum state engineering. One such interesting finite dimensional quantum state is NGBS which reduces to various states of interest in different limits. Nonclassical properties of this state are studied here with a focus on higher-order nonclassical properties. The analytically obtained expressions for various witnesses of nonclassicality are plotted to establish that NGBS is highly nonclassical and thus can be used for various tasks where nonclassical states are essential. Specifically, the presence of higherorder nonclassical properties (HOA, HOS and HOSPS) in NGBS are shown here for the first time.
Physically, among various intermediate states and the states from the family of binomial and generalized binomial states, NGBS is of particular interest because it is useful when the photon emitting probabilities of a system are not equal hence it is applicable in a more generalized procedure. Physical objective of this generalization procedure is to model a complex physical system such as a molecular system which have different photon emitting probabilities from different energy levels of an excited molecule during any nonlinear procedure. Therefore, this scenario appears to be obvious during any nonlinear process and its experimental realization [37] . Thus, the focus of this paper (investigation on NGBS) seems justified from this practical scenario. To investigate nonclassical witnesses and measures in this generalized engineered state, we have used a set of moment-based criteria and also Wigner quasiprobability distribution. Specifically, the moment-based criteria used here to analyze nonclassical features include the criteria for lower-and higher-order antibunching, HOSPS, Hong Mandel HOS, Hillery HOS, Agarwal-Tara criterion and Vogel criterion. The moment-based criteria and quasi-probability distribution, investigated here, have revealed a variety of nonclassical properties of NGBS. In most of the cases, depth of nonclassicality witness is found to increase with dimension but it decreases with the parameter q which is introduced for different photon emitting probabilities in NGBS. However, in a few occasions, namely in the context of HOS Hillery type and Vogel criterion, the results are not always consistent with other criteria. In the case of Vogel's criterion, it is observed that the depth of the nonclassical witness increases with dimension M only for the higher values of probability and this result is not consistent for the lower value of probability (cf. Figs. 5(b) and (c) ). On the other hand, in the case of HOS the depth of the inequality increases in the negative region with increase of the parameter q for higher values of probability but it decreases with q for lower values of probability. Hence for lower values of probability p, the result is consistent with other criteria (cf. Fig.3(d) ). The Wigner quasi-probability distribution of the NGBS are reported and the amount of nonclassicality is computed by computing nonclassical volume, which is nothing but the volume of the negative part of the Wigner function. The nonclassical volume (thus the amount of nonclassicality) of NGBS is found to increase with probability p. In short, it is established that for higher value of the probability, the amount of nonclassicality in NGBS is high. The nature of optical tomograms for NGBS are explored and reported for different probability. Tomograms can be obtained experimentally and the same may be used to obtain Wigner function with the help of Radon transform. Keeping all these facts in mind, we conclude the paper with the hope that the present observation will be useful in quantum optics and quantum information processing, specifically, in the experimental scenario when the photon emitting probability is not equal.
